In a thermal barrier coating (TBC) system with cylindrical geometry, the position of coating plays an important role in the distribution of residual stress. In this paper, the residual stress field in three different types of TBCs with cylindrical geometry has been analyzed. The main focus is on the effects of substrate curvature radius, deposition temperature and coating thickness on the residual stress distribution during a deposition process. The results show that the substrate curvature radius significantly affects the distributions of radial and hoop residual stresses, which are in good agreement with experimental measurements by photo-stimulated luminescence piezospectroscopy (Wang et al., Acta Mater., 2009, 57(1):182-195). The maximum radial residual stress locates closely to the coating/ thermal grown oxide interface. However, the maximum hoop residual stress lies in the thermal grown oxide layer, which is much more than other three layers and presents a strong stress singularity along the thickness direction.
Introduction
Thermal barrier coatings (TBCs) have been a common method to provide the thermal resistance for gas turbine engines and other high temperature components, which can greatly increase their durability and the fuel efficiency [1, 2] . A TBC system usually consists of ceramic coating, thermally grown oxide (TGO), bond coat (BC) and substrate. In service, residual stresses gradually generate and accumulate due to the mismatch of material properties, which may eventually cause interface crack propagation and coating spallation [1] [2] [3] . Thus, the evolution of residual stress plays an important role in predicting the life of TBCs. In the past decade, many engineering methods have been developed to evaluate the evolution of residual stress in different types of TBCs, such as X-ray diffraction [4] [5] [6] [7] [8] , Raman spectroscopy [9] [10] [11] [12] , substrate removal [13] , curvature measurement [14, 15] , photo-stimulated luminescence piezospectroscopy (PLPS) [16] [17] [18] [19] and indentation methods [20] [21] [22] [23] [24] . At the same time, researchers have proposed the different forms of analytical solutions to evaluate the stress distribution of multilayer systems. The earliest analytical model for the elastic thermal stress in a bilayer system was derived by Timoshenko [25] based on the classical bending theory. Timoshenko's approach has been widely adopted by others to analyze the thermal residual stress in TBCs [26] [27] [28] [29] [30] [31] [32] [33] . In these theoretical works, the consideration is focused on the effects of material properties (mainly, the elastic modulus of bond coat), coating thickness, heat conduction coefficients, interface asperity and temperature gradient on the distribution of residual stress in TBCs during deposition or thermal cycling. However, the coatings are usually deposited on substrates with different geometrical shapes, e.g., the turbine blade and vane in aircraft engines. The evolution of thermal/residual stress of coating located in the concave positions of the curved substrate may be significantly different from that in the convex positions. Hutchinson et al. pointed out that the concavity and convexity characteristic of substrate in multilayer TBCs would influence the residual stress distribution, and they would profoundly affect the energy release rates of the interface delamination and crack propagation path during spallation [34, 35] . Qasim et al. investigated the influence of complex geometry on contact damage in a curved brittle coating and substrate system. They found that the local surface curvature plays an important role in the initiation and propagation of radial cracks and fracture behavior in brittle coating [36] . Thus, it is necessary to study the effects of coating located in different concave and convex positions of the curved substrate on the distribution of residual stress in TBCs. On the basis of our recent work [37, 38] , an analytical solution of a four-concentric-hollow cylinder model is deduced [39] . In this paper, considering three different types of TBCs with cylindrical geometry, our attention will focus on the effects of substrate curvature radius, deposition temperature and coating thickness on the distribution of residual stresses. It is expected that some valuable conclusions can be obtained for predicting the residual stress distribution of TBCs and promoting their durability.
Analytical modeling
For a long cylindrical TBCs, a three-dimensional stress-strain problem can be reduced to a two-dimensional plane strain problem. Fig. 1 schematically shows three different structures of TBCs: coating located in the convex position (type A1), coating located in the concave position (type A2), and coating deposited in both convex and concave positions of the curved substrate (type A3). The representative positions, A, B, C, D, E and F denote the different inner or outer surfaces in types A1, A2 and A3 TBC models, and R 1 represents the curvature radius of inner surface of substrate. Here, let us first consider the case of type A1, which consists of substrate, bond coat, TGO and ceramic coating layer from the inner to outer surfaces along the radius direction (see Fig. 1(a) ). The TBC system is assumed to be stress free at deposition temperature T 1 and the original curvature radius of each layer is R j ( j = 1, 2,…, 5). After cooling to ambient temperature, the contracted curvature radius of each layer is defined as r j ( j = 1, 2,…, 5), respectively. Given that each layer is unconstrained, it can individually deform on cooling. For example, substrate changes from the original configuration to a middle configuration, as shown in Fig. 2(a) and (b). There is no residual stress occurred at this stage. The radii a 1 and a 2 along the radial displacement direction can be obtained by, respectively,
where α s is the thermal expansion coefficient of substrate and ΔT is the temperature change. To be consistent with the actual configuration of a type A1 TBC system after cooling, an external pressure P 1 is assumed to be applied on the outer surface of substrate. It is noted that the applied internal pressure is zero because there is no radial pressure on the internal surface of the substrate. 
The residual stress and strain in other three layers of the type A1 TBC can be obtained by the similar method (see Appendix A). The interface continuities of radial displacements must be maintained when the whole cylindrical TBC system is cooled from deposition temperature T 1 to room temperature T o . These continuity conditions can be expressed as follows by combining Eqs. (7), (8) with (A13)-(A26), 
where b k , c k , and d k (k = 1, 2) are the changed inner and outer radii of bond coat, TGO and ceramic coating layer at the middle configuration. The subscripts b, t and c refer to bond coat, TGO and coating, respectively. α b , α t and α c are thermal expansion coefficients, E b , E t and E c are Young's moduli. μ b , μ t and μ c are Poisson ratios, and P j ( j = 1, 2, 3) indicates the applied pressure on the substrate/bond coat, bond coat/TGO, and TGO/TBC interfaces, respectively. If the material properties of each layer and their original radii are given, the solutions of P 1 , P 2 , P 3 and r j ( j = 1, 2, …, 5) can be obtained by Eqs. (9)- (16) . Then, substituting these solutions into Eqs. (3), (4) and (A7)-(A12), the residual radial stress σ i, rr and hoop stress σ i, θθ of a whole TBC system can be determined. Similarly, for the other two types of structures (i.e., A2 and A3) in Fig. 1 , their residual stress fields in TBCs can be deduced using the same method.
Results and discussion

Effect of substrate curvature radius on residual stress
The material properties of a TBC system used in calculations are listed in Table 1 [40] . For simplification, these material properties are temperature-independent. The original values of the thickness of substrate, bond coat, TGO and top coating are h s = 2000 μm, h b = 100 μm, h t = 1 μm and h c = 300 μm, respectively. The corresponding substrate curvature radius R 1 is assumed to be 2, 4, 6, 8 and 10 mm, respectively. It is also assumed that T 1 = 600°C and T o =20°C. As shown in Fig. 3(a) , radial stresses in all layers are tensile when the system is cooled down from T 1 to T o . This is attributed to the lower thermal expansion coefficients of bond coat and ceramic coating compared to substrate. The radial stresses at positions A and B are equal to zero, which is consistent with the actual TBC configuration because there is no pressure applied on these two surfaces. The maximum residual radial stress locates within the convex coating closely to the coating/TGO interface and its value decreases from 23 to 8 MPa when R 1 changes from 2 to 10 mm. That is, the maximum tensile radial stress would increase by about 65% when the substrate curvature (1/R 1 ) increases by a factor of 4. As shown in Fig. 3(b) , the variation of R 1 has a little influence on the distribution of hoop stress. The hoop stress in substrate is tensile but compressive in bond coat, TGO and ceramic coating. The stress distribution is similar to that obtained by Zhang et al. [32] . The hoop stress in TGO is −2.25 GPa, which is much larger than that in the bond coat and coating due to the stress singularity in TGO and stress discontinuity in TBCs along the thickness direction. The similar results are also found on residual stress in a duplex TBC system [5, 27, 28, 38] . In order to improve the life and durability of TBCs, a lot of studies have been done by using functionally gradient materials instead of bond coat to reduce stress singularity and stress gradient discontinuity in TBCs [41] [42] [43] [44] [45] [46] [47] . The analysis of residual stress indicates that the stress singularity in a functionally gradient material system gradually vanishes and a continuous stress gradient varies from the coating surface to the coating/substrate interface [32, 48] . In the case of type A2 TBCs shown in Fig. 4(a) , it is found that radial stresses in all TBC layers are compressive after cooling from T 1 to T o . The maximum compressive radial stress locates within the concave coating closely to the coating/TGO interface. The absolute values of maximum radial residual stresses also decrease with the increase of R 1 , which is similar to that in type A1. It changes from −50 to −10 MPa when R 1 increases from 2 to 10 mm. The compressive radial stress may quickly diminish as the curvature radius increases. The hoop stresses as a function of R 1 are shown in Fig. 4(b) . The variation of R 1 influences the distribution of hoop stresses. The hoop stress in substrate is tensile but compressive in bond coat, TGO and ceramic coating due to the mismatch of material properties. The maximum hoop stress locates in the TGO layer and is equal to − 2.24 GPa. The compressive radial stress of each layer is much less compared to its hoop stress, which is in good agreement with the available results [16, 32] .
In type A3 TBCs shown in Fig. 5 , it is of interest to see that the distribution of residual stresses in the convex and concave regions is similar to that of type A1 and A2 TBC systems. That is, residual stress in type A3 TBCs can be approximately regarded as a superimposition of that in types A1 and A2 TBCs due to only considering thermal elastic deformation. The average hoop stresses in the convex and concave coating positions of the type A3 TBC system are − 242.7 and −260.4 MPa, respectively, as shown in Fig. 5(b) . The average hoop stresses of top coating are −247.9 and −272.8 MPa for type A1 and A2 TBC systems, respectively, see Figs. 3(b) and 4(b). The slight difference among these results may be due to the different geometrical structures and the mismatch of material properties.
As is known, the residual stress in TGO controls the location and rate of spallation [2] . The TGO stress can be from 1 to 5 GPa, much more than 0.2 to 0.5 GPa in other three layers [16, 18, 19] . The evolution of residual stress in TGO closely to the coating/TGO interface is a function of R 1 as plotted in Fig. 6 . It can be seen that radial residual stresses in types A1 and A2 are consistent well with that in the convex and concave locations of the type A3, respectively. The stress in convex positions is tensile and changes from 10 to 20 MPa. Based on the recent work by Wang et al. [16] , a three-dimensional residual stress state in the TGO of a TBC blade measured by using PLPS reveals a tensile radial stress being associated with a convex curvature. The tensile stress is 50 MPa when the curvature radius is 0.5 mm and it can go up to approximately 150 MPa when the curvature radius is 0.1 mm. However, the radial stress becomes very small, about several to 25 MPa when the curvature radius exceeds to 2 mm [16] . Our results agree well with that by PLPS measurements [16] . The compressive radial stress in the concave position varies from −45 to −10 MPa when R 1 increases from 2 to 10 mm. The influence of R 1 on the radial stress distribution in concave position is larger than that in the convex location. However, R 1 plays an important role in the distribution of residual hoop stress for different types of TBCs, as shown in Fig. 6(b) . The magnitude of hoop stress in the concave position of type A3 is 60 to 80 MPa, which is smaller than that in the concave position of type A2. Similarly, the value of hoop stress in the convex position of type A3 is 60 to 70 MPa, which is also smaller than that in the convex position of type A1. In Wang's PLPS measurements, they found out that the stress level of TGO is independent of the curvature of a blade surface [16] . The relative contribution of the two stress levels appears to be correlated with the θ-Al 2 O 3 content of TGO, which is dependent on the position on the blade [16] . Here, the analytical results are similar to their experimental measurements.
Effect of deposition temperature on residual stress
As shown in Fig. 7(a) , radial stresses in type A1 TBCs are tensile and their values are proportional to deposition temperature T 1 . The maximum radial stress locates within the convex coating at the coating/TGO interface and its value is from 8.0 to 23.5 MPa as T 1 increases from 400 to 1000°C. The magnitude of radial residual stress on the ceramic coating surface is 11.4 MPa when T 1 is 600°C, which is consistent with the results by Teixeira et al. [4] . The hoop stresses also increase with the increase of T 1 (see Fig. 7(b) ). The hoop stress in substrate is tensile, but compressive in the bond coat, TGO and ceramic coating due to the mismatch of material properties. Especially, the average hoop residual stress in ceramic coating changes from − 110 to −400 MPa as T 1 varies from 400 to 1000°C, which is coincident with the available results [4, 49, 50] . It is obvious that T 1 strongly affects the distribution of hoop residual stress in the ceramic coating. It would be a challenge on how to control a reasonable deposition temperature range during the TBC preparation in order to obtain an ideal residual stress distribution.
For type A2 TBCs shown in Fig. 8(a) , radial stresses are compressive and their absolute values gradually increase with the increase of T 1 , which is similar to that in type A1 TBCs. The maximum of the compressive radial stress still locates within the concave coating near the coating/TGO interface, and its value changes from −12 to −35 MPa when T 1 changes from 400 to 1000°C. The hoop stress in type A2 TBCs is also proportional to T 1 . The hoop stress in substrate is tensile but compressive in the bond coat, TGO and ceramic coating (see Fig. 8(b) ). The hoop stress in TGO ranges from −1.4 to −3.7 GPa as T 1 increases from 400 to 1000°C, which agrees with the order of residual stress in TGO for as-received air plasma sprayed TBCs [5, 16, 38] .
The distribution of residual stresses in the convex and concave regions of the type A3 TBCs is similar to that of the types A1 and A2 TBCs, as shown in Fig. 9 . The residual radial and hoop stresses increase with the increase of T 1 . The radial stress is equal to zero at positions E and F, which is consistent with that expected in an actual TBCs configuration. The radial stress is tensile within the convex region and becomes compressive in the concave region. The distribution of residual hoop stress in a type A3 system is approximately symmetrical. The hoop stress in TGO increases rapidly from − 1.5 to −4.0 GPa when T 1 changes from 400 to 1000°C, as shown in Fig. 9(b) . The high level of hoop residual stress in TGO of the TBC blade measured by Wang et al. is about − 4.0 GPa [16] . Gell et al. also studied the evolution of residual stress in TGO and concluded that the residual stress variation is from −2.5 to −4.0 GPa [18, 19] . Our analysis is consistent well with these experimental results.
To evaluate the effect of T 1 on the variation of residual stress in TGO, the residual stress is extracted and shown in Fig. 10 as a function of T 1 . It is found that the radial stress is tensile when the coating locates in the convex positions of substrate. It increases linearly from 5 to 18 MPa as T 1 changes from 400 to 1000°C. However, it becomes compressive in the concave coating of substrate. Its value increases linearly from −10 to −29 MPa when T 1 changes from 400 to 1000°C. This indicates that the radial residual stress is closely related to the coating position in a cylindrical TBC system. In addition, it is noted that the hoop stresses in TGO are compressive and increase linearly from −1.5 to − 3.9 GPa when T 1 changes from 400 to 1000°C. But it is independent of the coating positions (see Fig. 10(b) ). In this case, the effect of T 1 is clearly different from the influence of R 1 on the residual hoop stress in TGO (see Fig. 6(b) ).
Effect of coating thickness on residual stress
As shown in Fig. 11(a) , radial stresses in TBC layers are tensile and increase with the increase of h c . The maximum radial stress locates within coating around the coating/TGO interface and its value changes from 5 to 24 MPa as h c increases from 100 to 600 μm. With the increase of h c , the hoop stresses in bond coat, TGO and ceramic coating decrease, but increase in substrate, as shown in Fig. 11(b) . The results indicate that the hoop stress in coating is several times more than its radial stress, although their amplitudes are nearly equivalent under the same value of h c . Zhang et al. studied the influence of coating thickness on residual stress in as-sprayed FGM TBCs [32] . It is found that the distribution of residual stress of the duplex TBC system in the current work is similar to their results.
For a type A2 TBC system, radial stresses in all layers are compressive and increase with the increase of h c (see Fig. 12(a) ). The maximum compressive radial stress locates in the concave coating closely to the coating/TGO interface, which varies from −14 to −36 MPa when h c increases from 100 to 600 μm. As h c increases, the hoop stresses decrease in bond coat, TGO and ceramic coating, but increase in substrate (see Fig. 12(b) ), which is similar to that in type A1 TBCs. The hoop stress in bond coat is in the range of −200 to −100 MPa as h c increases from 100 to 600 μm, which coincides with the results [49] . As shown in Fig. 13 , the maximum radial stress for a type A3 system is proportional to the increase of h c . The radial stress is zero at both positions of E and F. The radial stress in concave position is compressive, which gradually decreases and becomes tensile in the convex position along the thickness direction. The distribution of the hoop residual stress is approximately symmetrical, which is similar to the influence of T 1 on the hoop residual stress (see Fig. 9(b) ). It is obvious that there is also a large stress singularity and stress discontinuity in TGO (see Fig. 13(b) ). In our earlier work, the similar stress discontinuity in duplex TBCs with planar geometry was discovered [38] . That is, the generation and accumulation of thermal/residual stress in all types of duplex TBCs are inevitable due to the mismatch of material properties and the irreversible deformation in service. To validly control the residual stress in ceramic coating, the coating thickness should remain as thin as possible.
The evolution of radial stress in both TGO layers in convex and concave positions of type A3 is almost identical to that in types A1 and A2, respectively, as shown in Fig. 14(a) . Radial stress is tensile in the convex region and compressive in the concave regime. Their values increase as h c increases. However, Fig. 14(b) shows that hoop residual stress in the TGO of three types of TBC systems decrease with the increase of h c . The average hoop residual stress changes from −2.2 to −2.1 GPa when h c increases from 100 to 600 μm.
Conclusions
It is widely believed that residual stresses generated during the deposition of coatings act as pre-existing stresses and adversely affect the coatings' performance in service. In this paper, the distributions of residual stresses in three different types of cylindrical TBC systems during the deposition process have been discussed. The main conclusions can be summarized as follows:
(1) The sprayed ceramic coating position strongly influences the distribution and magnitude of residual stress in TBCs with cylindrical geometry. Under thermal elastic deformation, residual stress in type A3 TBCs can be approximately regarded as a superimposition of that in types A1 and A2 TBCs. (2) For a same type of TBC system, substrate curvature radius plays an important role in the evolution of residual stress. The maximum tensile radial stress would increase by about 65% when substrate curvature increases by a factor of 4. Hoop stress gradually increases as substrate curvature radius increases. increase. Therefore, to obtain a reasonable stress state in asreceived TBCs, the deposition temperature and coating thickness are suggested to be as small as possible. Á ðA18Þ 
The continuity conditions of hoop strain at the interfaces of multilayer TBCs should be satisfied. That is, Eqs. (7), (8) and (A13)-(A18) must be equal to (A19)-(A16), respectively. Then, Eqs. (9)- (16) can be obtained.
